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Reply to ‘‘Comment on ‘Periodic distortions in lyotropic nematic calamitic liquid crystals’ ’’
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We reply to the Comment of Grigutsch and Stannarius@Phys. Rev. E56, 7323 ~1997!# about our paper
@Phys. Rev. E54, 3765~1996!#. It is shown that there are defined conditions in which an elastic approach to
study some features of the physics of the walls appearing above the Fre´edericksz threshold can be instructive,
and even recommended. We analyze the torque balance equation and the exact solution of an equation in our
previous paper to show that there are no arbitrary elastic constants to be fixed. Instead of this we show that they
arise naturally as integration constants of the Euler-Lagrange equation which must be determined in the
transient fluid flow period. Finally, using the exact solution of the elastic problem, we show that there are no
mistakes in our computations and interpretations.@S1063-651X~97!09911-X#

PACS number~s!: 61.30.Gd, 61.30.Jf, 64.70.Md
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We thank the authors of the Comment@1# for the attention
devoted to our paper@2#. They claim that we have describe
the walls appearing above the Fre´edericksz threshold, fo
some nematic materials, in terms of a purely elastic the
They observe that we have introduced arbitrary elastic
rameters and that with the approach proposed by us we
not describe the wavelength selection mechanism giving
gin to these structures. Afterwards they present a b
historical description of the evolution of the subject in t
last twenty years, and suggest that in our paper we h
omitted it. Furthermore, they analyze our calculations a
conclude~precipitately, as we will show! that, even if our
approach could be admitted, our computations were wro
and that the theory we proposed is not appropriate for
description of the experimental results we reported. In or
to respond to all these objections we start by briefly revie
ing some fundamental points on this subject.

Let us begin by analyzing the motivations of our sta
approach. In a remarkable work Lonberget al. @3# showed
how these walls arise in the nematic medium. Using the
lution of the anisotropic version of the Navier-Stokes eq
tion @4–6#, the torque balance equation, and the equation
continuity, they were able to show that the walls formati
has an effective viscosity which is lower than the one of
matter movement forming the homogeneous alignme
Their result is based on the fact that at the initial mome
there is an exponential growth of the fluid velocity in th
direction of the applied magnetic field, as well as a correla
exponential growth in the director bending. In this scena
the fastest growth mode would determine the wavelength
the periodic walls. In another remarkable work Sraj
Fraden, and Meyer@7# studied this selection mechanism
little bit more, and included some nonlinearity. They fou
„Fig. 7 of @7#… that there is really a fast growth mode of th
fluid flow in the initial instants, and that the selection mech
nism really works. But this velocity growth rapidly stops:
decreases and becomes nearly zero in a few minutes.
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Now, being aware of this well-established theory and p
nomenology, let us explicitly write the torque balance equ
tion. In the planar geometry, used in@2#, it becomes@8#

g1dtu5g1Wxy2g2@Axy~nx
22ny

2!1~Axx2Ayy!nxny#

1K33@~]x
2u!1~]y

2u!#1K22~]z
2u!1xaH2nxny ,

~1!

where, as usual, it is not considered the inertial ter
andg1 andg2 are the shear torque coefficients. Furthermo

in Eq. ~1! Aab5 1
2 (]aVb1]bVa), Wxy5

1
2 (]xVy2]yVx),

nx5cosu(x,y,z) and ny5sinu(x,y,z). This equation indicates
that the director bending is fixed by the action of thr
mechanisms: the flow of the fluid, the elastic resistance
the medium, and the external magnetic field. However,
fluid flow only works for a few minutes in a transient wa
and the walls can be observed for a larger time. This me
that after some minutes we can considerAab5Wxy50 and
dtu.0, and the torque balance equation becomes

K33@~]x
2u!1~]y

2u!#1K22~]z
2u!1xaH2nxny50, ~2!

which clearly shows that, as soon as the fluid flow stops,
dynamics of the director is determined by the elastic te
and the external magnetic field. Moreover, this is the Eu
Lagrange equation obtained from the minimization of t
Frank elastic energy, which, of course, cannot describe
arising of the walls. But, once this equation is built up, t
metastable walls have to be the solution of it. Consequen
if, for instance, one is interested not in the genesis of th
structures, but in their geometrical properties and parame
the equation to be investigated is this one. It was for t
reason that we proposed a static approach in our work:
walls must be the solution of this equation simply becau
they exist in a quasistatic situation described by this eq
tion.

In the work of Lonberget al. @3# the profile of these walls,
along theex

W direction, was assumed to be a harmonic fun
7326 © 1997 The American Physical Society
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tion „Eq. ~1! of @3#, in which theez
W direction is theex

W direc-
tion of our paper…. Since the purpose of that work was
describe the mechanism of the viscosity reduction this wa
very clever insight. But, far from the matter flow initial mo
ments there is no reason to accept a harmonic function
scribing the profile of these walls along theex

W direction. In
our paper@2# we assumed that the maximum bend of t
director, for large fields, is not achieved just along a line
over a region~see Fig. 2 of@2#!. Thus, the purpose of th
paper was to correlate the dimensions of this saturated re
with the bending of the curve of 1/l2 vs h2. This result is
clearly shown in the figures of our paper@2#, mainly in Figs.
2 and 4.

To show that there is in fact a saturation of the profile
the director along theex

W direction, and that this can indee
be viewed in the bending of the curve of 1/l2 vs h2, we
outline the exact solution of these walls that have been fo
by us after the publication of that paper@9#. This solution has
the advantage of giving us exactly the meaning of the in
gration constants of Eq.~2! and its connection with the tran
sient instants of the walls arising.

Let us consider thatu(x,y,z)5h(x)sin(py/b)sin(pz/d),
and write the magnetic term of the free energy in t
form of a functional:I @h(x)#5*sin2udydz.(1/4)h(x)2(3/
64)h4(x)1O„h6(x)…. By performing some change o
scale in the elastic free energy, namely,xaHc

25K33(p/b)2

1K22(p/d)2, h5H/Hc , and x5AK33/(xaHc
2)t, u0

258/3,
one can show that Eq.~2! assumes the form

] t
2h2~12h2!h2

1

u0
2

h2h350, ~3!

which has the conserved quantityC5 1
2 (] th)22(1/

2)(12h2)h22(1/4u0
2)h2h4. This equation can be used t

find h(t). By the usual procedure we find

t2t05
A2u0

2

h Eh dh̃

A~ h̃22w0
2!~ h̃22w1

2!
, ~4!

where w0 and w1 are the turning points of the oscillatin
functionh(t). Since Eq.~4! is an elliptic integral of the first
kind, it can be written in terms of elliptic functions@10#,
giving

h~ t !5w0snS w 1A h2

2u0
2
t,kD , ~5!

where sn(u,k) is the elliptic sine function of argumentk, and
we have chosent0in such a way that sn(0,k)50. For Eq.~5!
we havek25w0 /w1. Therefore the argument is limited to th
interval 0<k2<1.

From Eq.~4! it is also possible to obtain the periodt:

S 2p

t D 2

5S p

2 D 2

~h221!F 1

~11k2!

1

@K~k!#2G , ~6!

whereK(k) is the complete elliptic integral of the first kin
@10#.
a

e-

t

on

f

d

-

Using the definition ofk2 given above it is possible to
express C, w1, and w0 in terms of k2. We obtain C
5u0

2@k2/(11k2)2#(h221)2/h2, w052u0
2@k2/(11k2)2#(h2

21)2/h2, w15w0 /k2. Therefore, sincek2 is a function ofC,
we conclude that it is just a constant of integration contr
ling the shape of the elliptic sine function@10#, i.e., when
k→0 we have sn(u,k)→sinu, and whenk→1 we have
sn(u,k)→tanhu. Notice that this was exactly our hypothes
about the shape of the walls. In other words, there is a
rameter determined by the initial conditions, in this casek,
that controls the shape of the wall. Whenk→0 we have a
sine function, which indicates that we are close to the criti
point. Whenk increases, a saturated region which reac
the maximum dimension whenk→1 arises. Furthermore,k2

must be a function ofh, otherwise a plot of 1/l2 vs h2 would
be a straight line. But, since a bending in the curve has b
experimentally obseved,k2 must change with the magneti
field. The exact determination of this function is now
progress and, of course, it must be fixed at the transient fl
flow period. Moreover, the solutionh(t) can be separated
into two terms: the amplitude of the oscillation, given byw0,
and the shape of the wall, given by the elliptic sine functio
It is exactly what we have supposed in our paper@2#. Hence,
to precisely know the shape of the wall and its wavelength
is enough to determinek2. But this parameter can not b
fixed by an elastic model since it originates from the tra
sient matter flow, and it is an integration constant of Eq.~3!.

At this point, the question of why we did not use the exa
solution of Eq.~3! in our original work, but an approximate
one can be argued. To clearly answer this question le
discuss the nature of the approximation we did and how i
connected to the exact solution. The motivation of our a
proximation was that, due to thep symmetry of the director,
the configurations withu5w0 and u52w0 are equivalent.
The object making the transition from one configuration
the another one is the wall. In the region between the wa
with lengthD, a constant bend of the director was assum
Our aim was simply to connect the magnitude of this reg
with the magnetic field and with the bending of the curve
1/l2 vs h2. The fact that this can be done has been dem
strated above in the analysis of the exact solution, wher
was recognized that, even being distinct parameters,D and
k2 have similar meaning: they control the shape of the w

Furthermore, it can be argued that our work lost its int
est once the exact solution was discovered. This is not t
because, as well known, sometimes an approximated s
tion is more fruitful than the exact one. For example, t
family of walls that we found as the solution of Eq.~2! are
known in the statistical mechanics literature@11# as kinks
linking two equivalent stable ground states in a model wh
allows symmetry breaking. Usually it is very important
understand how these structures interact. In fact, it is kno
that the walls are metastable@12,13# structures that disappea
after a long time. Of course these instabilities must follow,
some way, from some kind of interaction among the
Therefore, an easy way to obtain this interaction is to s
pose each wall acting as an isolated object and to find
interaction among them which is responsible for the o
served structures. This procedure is known as a soap of k
@11#, and it usually requires the isolation of just one kink. O
course, with the exact solution one cannot isolate just
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wall in order to get some insight about the interaction. In t
situation, the solution must be searched for in another m
ner.

To conclude, we stress again that the aim of our appro
was not to develop a complete expression for the wavelen
of the walls in terms of a purely elastic theory. As has be
clearly shown above, this would be impossible. But, once
walls have been built in a dynamical transient situation, th
structures have to be the solution of Eq.~2!, and its param-
eters; the integration constants of this differential equati
y
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have to be determined by the transient fluid flow. Theref
they are not arbitrary elastics parameters. Furthermore
pointed out in@1#, the amplitudew0 is really zero forl 51,
and there is no mistake about it. To verify that this is inde
true it is enough to recall the exact expression for
w052u0

2@k2/(11k2)2#(h221)2/h2, and to realize thatl 51
corresponds tok250. Therefore we believe that there was
incorrect interpretation by the authors of@1# about this point,
because, as shown by the exact solution, our computat
are right.
.
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